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Abstract
Experimentally, it has been observed that humans
and animals often make decisions that do not maximize their expected utility, but rather choose outcomes randomly, with probability proportional
to expected utility. Probability matching, as this
strategy is called, is equivalent to maximum entropy reinforcement learning (MaxEnt RL). However, MaxEnt RL does not optimize expected utility. In this paper, we formally show that MaxEnt
RL does optimally solve certain classes of control problems with variability in the dynamics and
reward function. In particular, we show (1) that
MaxEnt RL is equivalent to a two-player game
where an adversary chooses the dynamics and reward function, and (2) that MaxEnt RL can be
used to solve a certain class of POMDPs. These
results suggest a deeper connection between MaxEnt RL, robust control, and POMDPs.

1. Introduction
Reinforcement learning (RL) searches for a policy that maximizes the expected, cumulative reward. In fully observed
Markov decision processes (MDPs), this maximization always has a deterministic policy as a solution. Maximum
entropy (MaxEnt) RL is a modification of the RL objective
that further adds an entropy term to the objective. This additional entropy term causes MaxEnt RL to seek policies that
are stochastic and have a non-zero probability of sampling
every action. MaxEnt RL has appealing connections to
probabilistic inference (Dayan and Hinton, 1997; Neumann
et al., 2011; Todorov, 2007; Kappen, 2005; Toussaint, 2009;
Rawlik et al., 2013; Theodorou et al., 2010; Ziebart, 2010),
prompting a renewed interest in recent years (Haarnoja et al.,
2018b; Abdolmaleki et al., 2018; Levine, 2018). MaxEnt RL
can also be viewed as using Thompson sampling (Thompson, 1933) to collect trajectories, where the posterior belief
*
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is given by the exponentiated return. Empirically, MaxEnt
RL algorithms achieve good performance on a number of
simulated (Haarnoja et al., 2018b) and real-world (Haarnoja
et al., 2018a; Singh et al., 2019) control tasks, and can be
more robust to perturbations (Haarnoja et al., 2018c).
The empirical success of MaxEnt RL algorithms on RL
problems is surprising, as MaxEnt RL optimizes a different
objective than standard RL. The solution to every MaxEnt RL problem is stochastic, while deterministic policies
can always be used to solve standard RL problems (Puterman, 2014). It remains an open question as to whether
the standard MaxEnt RL objective actually optimizes some
well-defined notion of risk or regret that would account for
its observed empirical benefits. This paper studies this problem, and aims to answer the following question: if MaxEnt
RL is the solution, then what is the problem?
In this paper, we show that MaxEnt RL provides the optimal
policy in settings with uncertainty and variability in the reward function. More precisely, we show that MaxEnt RL is
equivalent to two separate, challenging problems: (1) robust
control and (2) regret minimization in a meta-POMDP. In
the first setting, robust control, we consider an adversary
that chooses some aspects of the dynamics or reward function. Intuitively, we expect stochastic policies to be most
robust because they are harder to exploit, as we formalize in
Sec. 4. The second setting, the meta-POMDP, is a partially
observed MDP where the reward depends on an unobserved
portion of the state, and where multiple episodes in the
original MDP correspond to a single extended trial in the
meta-POMDP. This problem setting reflects real-world settings where the aim is to solve a task in as few trials as
possible. While both robust control and regret minimization
in a meta-POMDP are natural problems that arise in many
real-world scenarios, neither is an expected utility maximization problem, so we cannot expect optimal control to
solve these problems. In contrast, we show that MaxEnt RL
provides solutions to both problems.

2. Preliminaries
We begin by defining notation and discussing some previous motivations for MaxEnt RL. An agent observes states
st , takes actions at ∼ π(at | st ), and obtains rewards
r(st , at ). The initial state is sampled s1 ∼ p1 (s1 ), and
subsequent states are sampled s0 ∼ p(s0 | s, a). Episodes
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have T steps, which we summarize as a trajectory
τ , (s1 , a1 , · · · , sT , aT ). The MaxEnt RL problem, also
known as the entropy-regularized control problem, is to maximize the sum of expected reward and conditional action
entropy, Hπ [a | s]:
X

T
JMaxEnt (π; p, r) , E a∼π(a|s)
r(st , at )+Hπ [at | st ] ,
s0 ∼p(s0 |s,a)

t=1

(1)
where the objective is parameterized by the dynamics p
and reward function r. Prior work on MaxEnt RL offers
a slew of intuitive explanations for why one might prefer
MaxEnt RL. We summarize three common explanations and
highlight problems with each in Appendix A

3. What Problems Does MaxEnt RL Solve?
In general, all fully observed MDPs admit deterministic optimal policies for the expected reward objective (Puterman,
2014), so we might wonder why stochastic policies would
ever be preferred. The central theme of this paper is that
stochastic policies are preferable in scenarios that involve
regret minimization. Such scenarios arise in robust control
problems, where the agent is must cope with adversarial disturbances, and in problems where the agent must repeatedly
attempt a task under partial observability until it succeeds.
In both settings, a policy that never plays a potentially necessary strategy could incur infinite regret: in the adversarial
case, the adversary will always select the task for which the
policy is weakest; in the partially observed setting, if the
policy never attempts a certain strategy, the policy will get
stuck when trying to solve tasks that can only be solved by
that certain strategy (and thus accumulate infinite regret).
We will formalize these two settings below, and the subsequent two sections will describe how MaxEnt RL can learn
optimal policies for these two settings.
Answer 1: Robustness to Adversarial Perturbations.
The first strength of stochastic policies is that they are robust
to adversarial perturbations. For example, in the game rockpaper-scissors (“ro-sham-bo”), it is bad to always choose
the same action (say, rock) because an adversary can always
choose an action that makes the player perform poorly (e.g.,
by choosing paper). Robustness is useful even in the absence of adversaries, as it ensures that policies perform well
in settings with slightly different rewards and dynamics.
Answer 2: Partially Observed MDPs. The second
strength of stochastic policies is that they avoid waiting infinitely long to find a good outcome. Imagine that a cookie
is hidden in one of two jars. A policy that always looks
in jar A will never find a cookie hidden in jar B; such a
policy would incur infinite regret. This need to try various
approaches arises in many realistic settings where we do
not get to observe the true reward function, but rather have
a belief over what the true reward is. Given this belief, we

want to determine the true reward as quickly as possible.
For example, in a health-care setting, a physician may want
to find a course of treatment to cure a patient. Which treatment will cure the patient depends on their illness, which
is unknown. A physician will prescribe medications based
on his beliefs about the patient’s illness. If the medication
fails, the patient returns to the physician the next week and
the physician recommends another medication, a process
that continues until the patient is cured. Note that a physician that always prescribed the same medication would fail
to cure many patients. In Sec. 5, we define a meta-level
POMDP for describing these sorts of tasks and show that
MaxEnt RL minimizes regret in such settings.

4. MaxEnt RL and Robust Control
In this section, we will formalize the intuition that MaxEnt
RL yields robust policies by proving that MaxEnt RL effectively bounds regret against adversarial perturbations to the
dynamics and rewards. Proofs are given in Appendix C.
4.1. Robustness to Adversarial Dynamics
We start by showing that MaxEnt RL is robust against adversarial disturbances to the dynamics. We will be interested
in the performance of policy π under dynamics p̃ chosen by
the adversary.
Theorem 4.1. Let an MDP with dynamics p(s0 | s, a) and
reward function r(s, a) > 0 be given. Define the transformed reward function r̄(s, a) , log r(s, a) + H[s0 | s, a].
Then there exists a constant  > 0 such that the MaxEnt
RL objective JMaxEnt (Eq. 1) with dynamics p and reward
function r̄ maximizes a lower bound on the robust control
objective defined by robust set P̃ :
min JMaxEnt (π; p̃, r) ≥ exp(JMaxEnt (π; p, r̄)),
p̃∈P̃(π)

where the set of dynamics that the adversary chooses from,
P̃,
 is defined as
ZZ
p̃ E

hX

a∼π(a|s),
s0 ∼p(s0 |s,a)

log

elog p(s

0

|s,a)−log p̃(s0 |s,a)


i
da0t ds0t+1 ≤  .

t

This result implies that, if we wish to optimize reward
function r and be robust against perturbations to the dynamics, we can run MaxEnt RL with the reward function
r̄(s, a) = log r(s, a) + H[s0 | s, a]. In many settings (e.g.,
dynamics with constant additive noise), we might assume
that H[s0 | s, a] is constant, in which case we simply set the
MaxEnt RL reward to r̄(s, a) = log r(s, a).
Example. Consider a MDP with 1D, bounded, states
and actions s, a ∈ [−10, 10]. The dynamics are p(s0 |
s, a) = N (s0 ; µ = As + Ba, σ = 1) and the reward function is r(s, a) = ksk22 . Note that the dynamics entropy
H[s0 | s, a] is constant, so we can ignore it when constructing the MaxEnt RL reward function: r̄(s, a) = 12 log ksk22 .
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We will consider an adversary that modifies
√ the dynamics by increasing the standard deviation to 2 and shifts
the bias by an amount β, resulting in the following√dynamics: p̃(s0 | s, a) = N (s0 ; µ = As + Ba√
+ β, σ = 2).
The penalty for the adversary is 12 β 2 + log(8 π) + log(20),
so the robust set corresponds
to dynamics where the mean
√
shifts by at most O( ). Theorem 4.1 says that we can
obtain a policy that is robust against this set of dynamics by
simply applying MaxEnt RL to the reward function r̄.

5. MaxEnt RL and POMDPs

4.2. Robustness to Adversarial Reward Functions
In this section, we will show that MaxEnt RL is robust
against adversarial perturbations to the reward function. We
use r̃ to denote the adversarial reward function.
Theorem 4.2. For any dynamics p and reward function r,
there exists a positive constant  > 0 such that the MaxEnt RL objective JMaxEnt is equivalent to the robust control
objective defined
by robust set
hX
i R̃(π):
min E
r̃(st , at ) = JMaxEnt (π; p, r) ∀π,
r̃∈R̃(π)

t

where
R̃(π) ,

Figure 1. MaxEnt RL solves robust-reward control problems
for robotic control tasks. Only MaxEnt RL succeeds at maximizing worst-case reward.



Z
hX
i
r̃ E
log exp(r(st , at )−r̃(st , at ))da0t ≤  .
t

(2)

This results says that the policy obtained by applying MaxEnt RL to reward function r is robust against adversarial
disturbances to this reward function.
Example 1. We use a task with a 1D, bounded action
space A = [−10, 10] and a reward function composed of a
task-specific reward rtask and a penalty from deviating from
some desired action a∗ :
r(s, a) , rtask (s, a) − (a − a∗ )2 .
The adversary will perturb this desired action by an amount
∆a and decrease the weight on the control penalty by 50%,
resulting in the following reward function:
1
r̃(s, a) , rtask (s, a) − (a − (a∗ + ∆a))2 .
2
In this example, the penalty is ∆a2 + 12 log(2π) + log(20).
See Appendix C.4 for the full derivation. Thus, up to an
additive constant, the penalty corresponds to the squared
amount by which the prior action is shifted. In this example,
Theorem 4.2 says that MaxEnt RL with reward function r
yields a policy√
that is robust against adversaries that shift a∗
by at most O( ).
Example 2: continuous control locomotion We next apply MaxEnt RL on four continuous control tasks. We use
four continuous control tasks from OpenAI Gym (Brockman et al., 2016). As shown in Fig. 1, only MaxEnt RL
succeeds as maximizing the worst-case reward.

In this section, we describe how solving an unknown task
can be viewed as POMDP. Regret minimization in partially
observed settings with unknown tasks is closely related to
regret minimization in the face of an adversary: if the tasks
are selected adversarially, then the policy will incur infinite
regret if the adversary selects a task that it cannot perform.
This section builds on this idea to show that MaxEnt RL
provides the optimal solution for these POMDPs.
5.1. Defining the Meta-POMDP
A meta-POMDP is a POMDP defined in terms of a MDP
together with a distribution over tasks (i.e., rewards). Each
step in the meta-POMDP corresponds to an entire episode
in the MDP. The agent’s observation is an entire trajectory τ
from the MDP. The state in the meta-POMDP is a combination of the observed trajectory τ and an unobserved task τ ∗ .
We consider a fully general definition of tasks as matching
a desired trajectory τ ∗ , noting that this definition subsumes
many other tasks families. The agent’s actions will be deterministic policies π. Note that stochastic policies, like those
learned by MaxEnt RL, implicitly define a distribution over
deterministic policies (Ng and Jordan, 2013). Episodes
in the meta-POMDP start by sampling a task τ ∗ ∼ p(τ ∗ )
from the task distribution p(τ ∗ ), and end when the agent
has matched the desired trajectory. Section 5.2 will discuss
how these task distributions can be constructed from reward
functions, and vice versa. The agent’s reward function is +1
if it matches the desired trajectory and 0 otherwise. To avoid
confusion, we will use “meta-step” and “meta-episode” to
refer to steps and episodes in the meta-POMDP.
We define the cumulative regret of an agent as the expected
number of meta-steps required to complete the task. For
example, in the health-care example, the regret is the number
of times the patient visits the physician before being cured.
Formally, the number of episodes for policy π to solve task
τ ∗ is a geometric random variable with expected value is
1/π(τ ∗ ), so the policy’s regret is:
Regretp (π) = Eτ ∗ ∼p [1/π(τ ∗ )] .

(3)

Discussion. The meta-POMDP is not a standard RL problem: the optimal policy for the meta-POMDP continues to
explore throughout the meta-episode, trying new approaches
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Table 1. Examples of meta-POMDPs
Task Distribution
MaxEnt RL Reward
Bandit

p(a∗ )

Goal reaching

p(s∗T )

Markovian
Non-Markovian

Q

t

pτ (st , at )
p(τ )

1
2
1
2

log p(a)

1(t = T ) log p(st )
1
2

log p(st , at )
1
2

log p(τ )

until the task is solved. In contrast, a standard RL agent
would use the same approach for every meta-step, incurring
infinite regret if this approach fails. Our analysis of the
meta-POMDP will consider Markovian strategies for solving the meta-POMDP: the agent keeps sampling trajectories
until it stumbles upon the target trajectory. The agent does
not perform any adaptation.
5.2. Solving the Meta-POMDP
This section draws a bridge between MaxEnt RL and the
meta-POMDP. The Markovian assumption above means
that solutions to a meta-POMDP can be represented as a
stochastic policy (i.e., a distribution over deterministic policies (Ng and Jordan, 2013)). In this section we will show
that the stochastic policy produced by MaxEnt RL is itself
the solution to a meta-POMDP. Table 1 summarizes four
types of increasingly-general meta-POMDPs. We discuss
the first three types below.
Bandit meta-POMDPs. First, we examine metaPOMDPs where the underlying MDP is a bandit problem.
In these bandit meta-POMDPs, tasks correspond to
sampling a target action a∗ ∼ p(a∗ ). Intuitively, bandit
meta-POMDPs are multi-armed bandits with one (unknown)
arm which yields a payout; the agent’s aim is to get the
payout with as few arm pulls as possible.
The policy that
p
minimizes regret (Eq. 3) is π(a) ∝ p(a). For the cookie
jar example in Sec. 3, this result says that the optimal
strategy is to randomly choose which jar to open, but to
prefer whichever jar is more likely to contain the cookie.
We can learn this optimal policy using the reward function
r(s, a) = 12 log p(a).
Goal-reaching meta-POMDPs. Moving beyond bandits,
we now examine meta-POMDPs without any restrictions on
the underlying MDP and where tasks correspond to reaching
a particular (unknown) goal state. While prior work on goal
reaching (Kaelbling, 1993; Schaul et al., 2015; Andrychowicz et al., 2017) typically assumes that the goal state is
observed, here will assume that the goal state s∗ ∼ p(s∗ )
is not observed. For simplicity, we will only consider the
task solved if the agent remains at the goal at the final time
step. The agent’s aim is to reach the goal in as few episodes
as possible. For example, imagine an ice cream scooping
robot serving a customer. The customer has a desired “goal”
flavor, which they are unable to express to the robot (perhaps

they are too young to speak; perhaps they have simply forgotten the name of the flavor). Based on past experience, the
robot has a prior belief over which flavors the customer will
prefer. The robot hands the customer samples of different
flavors until finding the desired flavor.
To solve goal-reaching meta-POMDPs, we can simply apply
MaxEnt RL with the reward function r(st , at ) = 12 1(t =
T ) · log p(st ). Again, we can read this statement in reverse:
applying MaxEnt RL to tasks with rewards provided at only
the terminal state yield policies that are optimal for reaching
unknown goals in as few trials as possible, where the goal
distribution is defined as p(s∗ ) = exp(2 · r(s∗ )).

Markovian meta-POMDPs. Finally, we look at the even
more general Markovian meta-POMDP, where the task
distribution
be an arbitrary function of transitions:
QT can
−1
p(τ ) = t=1 pτ (st , at ). These factors encode a prior
belief over which states and actions are likely to be included
or excluded from successful trajectories. For example, imagine a robot navigating across a field of landmines. Our aim
is not for the robot to minimize the number of explosions
in a single episode, but rather to minimize the number of
episodes needed to cross the field without running over a
landmine.
Solving Markovian meta-POMDPs with MaxEnt RL is
straightforward: just apply MaxEnt RL to the reward
function r(st , at ) = 12 log pτ (st , at ). Any (Markovian)
task can be converted into an equivalent meta-POMDP, so
we can interpret arbitrary MaxEnt RL problems as solving a certain (Markovian) meta-POMDP. Given an arbitrary reward function r(s, a) and making the same assumptions as before, MaxEnt RL with this reward function is
implicitly solving the factored meta-POMDP defined by
pτ (st , at ) = exp(2 · r(st , at )). The equivalence between
MaxEnt RL and Markovian meta-POMDPs suggests that
the policies produced by MaxEnt RL will be able to solve
new tasks with a small number of trials. Appendix D.4 discusses non-Markovian meta-POMDPs, and Appendix D.6
provides a computational experiment.

6. Discussion
While stochastic policies are not optimal for maximizing
reward, they can be optimal at minimizing specific types of
regret, as in the robust control and meta-POMDP settings.
These two settings have close connections: in both cases,
stochastic policies are optimal when the goal is to minimize
or bound regret, and an exploitable policy (i.e., one that
never visits some potential goal or performs poorly on one
of the rewards in the robust set) can incur infinite regret. We
hope that this analysis sheds light on the potential utility of
stochastic MaxEnt RL policies, particularly to real-world
applications, where robustness can be especially important.
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